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The Fermi liquid theory may provide a good description of the thermodynamic properties of 
an interacting particle system when the interaction between the particles contributes to the total 
energy of the system with a quantity which may depend on the total particle number, but does not 
depend on the temperature. In such a situation, the ideal part of the Hamiltonian, i.e. the energy 
of the system without the interaction energy, also provides a good description of the system's 
thermodynamics. 

If the total interaction energy of the system, being a complicated function of the particle popu- 
lations, is temperature dependent, then the Landau's quasiparticle gas cannot describe accurately 
the thermodynamics of the system. 

A general solution to this problem is presented in this paper, in which the quasiparticle energies 
are redefined in such a way that the total energy of the system is identical to the sum of the energies 
of the quasiparticles. This implies also that the thermodynamic properties of the system and those 
of the quasiparticle gas are identical. 

By choosing a perspective in which the quasiparticle energies are fixed while the density of states 
along the quasiparticle axis vary, we transform our quasiparticle system into an ideal gas which obey 
fractional exclusion statistics. 



I. INTRODUCTION 

In the Fermi liquid theory (FLT) [l| a system of inter- 
acting bosons or fermions is described as a gas of quasi- 
particles. The population of the quasiparticle states has 
the expression of the ideal Bose or Fermi population (de- 
pending on the type of particles that are in the system) 
if the quasiparticle energy, e L , is defined as the varia- 
tion of the total energy of the system with respect to the 
population of the quasiparticle state. 

If the system is not trivial, the sum of the energies 
of the quasiparticles is not equal to the total energy of 
the system and since the quasiparticle energies also de- 
pend on the occupation of the quasiparticle states, the 
thermodynamic properties of the quasiparticle gas may 
neither be similar to those of an ideal particle gas, nor to 
the thermodynamic properties of the original system. In 
such a case, the ideal gas characteristics of the interacting 
particle system, conjectured based on an idealized quasi- 
particle model (e.g. the textbook result that Cy oc T in 
the low temperature limit [H) is not rigorously justified. 

In this paper I propose a method to describe the FLT 
system as an ideal gas of fractional exclusion statistics 
(FES) particles 0. For this I redefine the quasipar- 
ticle energies such that the total energy of the system 
equals the energy of the quasiparticle gas, ensuring in 
this way that the thermodynamic properties of the sys- 
tem are identical to the thermodynamic properties of the 
quasiparticle gas. Moreover, in this method the quasi- 
particle energies do not depend on the occupations of the 
quasiparticle states and therefore the gas is ideal, unlike 
Landau's quasiparticle gas. 

The FES has been applied before to FLT type of sys- 
tems, but with equally spaced free-particle energy lev- 
els, ei, and the particle-particle interaction described in 



the mean field approximation - i.e. Y]^ V\^n\n- i j'l = 
VN(N - l)/2 [111. Other types of closely related 
systems to which FES has been applied are the Bose 
and Fermi gases described in the thermodynamic Bethc 
ansatz [9i-fl5l| and spin chains [l?]] 

The systems of equal and constant DOS (i.e. equally 
spaced free-particle energy levels) described in the mean- 
field approximation are all thermodynamically equivalent 
(i.e. they all have the same heat capacity and entropy for 
any temperature and particle number), no matter if the 
particles are bosons, fermions, or obey FES of constant, 
diagonal FES parameters [l8|. Therefore the FES is not 
a necessary tool for such systems. 

The FES has been applied to systems of any DOS and 
general type of interaction in Ref. [19|, [20| and this pro- 
vides the method for describing systems of interacting 
particles as ideal gases that I shall use in this paper. 

The paper is organized as follows. In Section |TT] I 
present briefly the basics of FLT, to specify the nota- 
tions. In Section IIIII I show the limitations of the Lan- 
dau's quasiparticle model in the description of the in- 
teracting particle system. In Section ITVl I introduce the 
description of the system based on the ideal FES gas. 



II. BASICS QUANTITIES OF FLT 

In the FLT the system is described by the general en- 
ergy functional [l|, 



E ({ n i}) = €iHi + ^Y1 Vi i n i n i> 



(1) 



where the subscripts i and j represent single-particle 
quantum numbers, rii, nj, are occupation numbers, 
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whereas Vy is a phenomcnological term which describes 
the particle-particle interaction. 

For concrctencss I discuss only fermions. Then the 
grandcanonical partition function is 

log(Z) = -^[rulog(ru) + (l-7u)log(l-ru)] 

-p[E{{m}) - »N] (2) 

and the (average) populations, denoted by fi, are 
obtained by imposing the maximization condition, 
dZ({fj})/dfi = 0. This gives 



where 



(3) 



drii 



™i=fbj 



q+E^Vj^) ( 4 ) 



is the Landau's quasiparticle energy. I use the typical 
notation, j3 = l/(fc^T), where T is the temperature and 
ks is the Boltzmann's constant. 

At equilibrium, the internal energy, the total particle 
number and the entropy of the system are 

u(t, fi) = ^2 *(t, ^)/i( T ' m) + \ E v uM T > ^) / j( t ' ti> 

i ij 

(5) 

N(T,f,) = ^f i (T, f x), (6) 



dU L (T, N)/dT. This implies that V(T,N) = V(N) is 
just a function of N. 

Furthermore, if V(T, N) = V(N), then the gas of non- 
interacting particles, of total energy 

C/ id (2» = E £ i/i = U(T,u)-V{N) = U L (T^)-2V(N), 

(9) 

is also thermodynamically equivalent with both, the orig- 
inal gas and the LG: 



C$(T, N) = C^{T, N) = C V (T, N), 



(10) 



where C$(T,N) = dU id {T,N)/dT. This is a typical 
case of system described in the mean field approxima- 
tion, in which the interaction energy - dependent on N 
- contributes only as a background energy. 

If all the three systems are equivalent - Eqs. (fTU)) is 
satisfied - then the application of the FLT is trivial and 
not necessary; one should better work with the ideal gas, 
to which the background interaction energy should be 
added. 

Reversely, if we assume by reductio ad absurdum that 
C V (T,N) is different than C$(T,N), but it is well ap- 
proximated by Cy(T, N), we obtain a contradiction with 
Eq. pop . Therefore either the thermodynamics is deter- 
mined by the ideal particle description and the applica- 
tion of the FLT is trivial or it gives a wrong result and 
therefore there U L (T, fi) should not be used for thermo- 
dynamics calculations. 



and 

S(T,ri = -fc B E{[l-/,(T )A 0]log[l-/ I (T >/ i)] 

i 

+/ 1 (T, M )log[/i(T, M )]} (7) 

respectively. 

III. THERMODYNAMICS IN THE FLT 



B. The heat capacity of the FLT gas 

In general, the heat capacity of a quasiparticle gas, like 
the LG, is not that of an ideal Fermi gas due to the de- 
pendence of the quasiparticle energies on the populations 
of the single-particle states. 

The heat capacity of any system may be calculated by 
either of the formulas 



A. Internal energy difference 

In what follows I shall call the Landau's gas (LG) a gas 
of quasiparticles of energies l\ ((4]) and of total energy 



The equilibrium E L is denoted by U L {T, fi) = U(T, fi) + 
EyHi/i/j/ 2 - Wc observe the difference, V(I» = 
U L (T, M ) - U(T, /i) = Ey VisMT, Mj(T, /i)/2. 

I shall say that one can use the LG model to calcu- 
late the thermodynamic properties of the original sys- 
tem if the two of them arc thermodynamically equiv- 
alent, i.e. C V {T,N) = dU{T,N)/dT = C^{T,N) = 



dU 



T \dT 



dT 



dS 



dU 



dT 



es_ 

df 



dU\ [dN 



dji J T \ dT J \ dfj, 



dS\ fdN 



dfx 



dT 



dN 



(11a) 



dN 
dpi 



(lib) 



where S is the entropy of the system. 

For an ideal Fermi gas, U ld {T,p) = Xa £ i/i an d & 
-*flE t [/iIog(/i) + (! - /i)l°g(l - fi)l so 



dU 



dT 



df . dU id df . 

^ £i 7yf' ^r = E e ^' ( 12a ) 



dp 
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as 

dT 



= ki 



In 



dfi 



V ST' 



/i 
/i 

dfi ^ dfi 



dfi 
dfi ' 



^T> ( 12b ) 



(12c) 



In the continuous limit I introduce the density of states 
(DOS), c(e), and, if we assume that cr(e) = Ce s , where 
C and s (s > —1) are constants, then 

U id = C{k B T) s + 2 T{s + 2)Li s+2 (-e^), (13a) 
N = C(k B T) s+1 Y{s + l)Li s ^<- P ^\ 



= C(k B Tr +1 T(s + 2)[( i 

k B 



-i(-e^), (13b) 
+ 2)Li s+2 (-e^) 



Li a (- 



(13c) 



Li n {x) is the poly logarithmic function [2ll. |22|. 
Using the asymptotic expansions, 



Lh(- 



iio(-e"") 



/3ai>1 



r(n+l) 
for n > 1. 



1 



7r 2 n(n — 1) 



6 (/^) 2 



/3ai>1 



1 - e 



-/3/x 



one obtains the standard low T result, 



n {id) 



— k B T<r(fi) 7 



(14a) 
(14b) 
(14c) 

(15) 



where fi = ep is the Fermi energy. 

The same results, (|13c|) and (fl"5)) . are obtained if one 
starts from Eq. (|1 lb[) . 

Equation (fT5")) is valid for any DOS, as long as er(e) is 
finite and continuous at cf [23| . 

Wc should also note here that in general Cy 7^ 
(dU /dT)^ even in the low temperature limit. As 
we can immediately check from Eqs. (|13c[) and (fl4l) . 
Cy = (dU ld /dT)^ is valid only when s = 0, or, for a 
more general DOS, when cr(e) is constant in a finite in- 
terval around €f, but which is large enough as compared 
to k B T. 

I showed in the previous section that Cy ^ Cy , except 
in trivial cases, therefore Eq. (|lla[) , with U replaced by 
U L , cannot be used to calculate Cy. Moreover, even 
if one would (wrongly) conjecture that Cy = Cy, Eq. 
(|13c[) would not be valid because e L are not constant - 
they depend on T and fi through fi(T,(j,) ^ - and we 
have 



dU L 
dT 

QJjid 

dfi 



E 

i 

E 



dT Jl 1 dT 



def 
dfi 



/i 



1 dfi 



(16) 



Therefore, based on U L one cannot infer anything rig- 
orously, on general grounds, about the low temperature 
expression of Cy. 

Another possibility is to employ Eq. t)llb[) (24|, since 
the expression of the entropy of the quasiparticle gas, say 
S L , is identical to the one of an ideal gas, namely 

S L (T, n) = -k B J2lfi log(/i) + (1 - fi) log(l - ffl (17) 



But this method does not lead to Eq. ([15)) either, as 
we shall see now. From Eq. @ I get 



def(Tfi) 



dfj(T,n) 



dfi 



d(k B T) E v » d(kBT) ■ 

9ef(T, M ) _ w 9/j(T,/i) 
" 4- j dfi 



(18a) 
(18b) 



and therefore 



dft{T,fi) _dMT(x,~et) , df l (T,»,ii')dii'(T,ri 



d{k B T) d{k B T) 



d 



7-L 



d{k B T) ' 
(19a) 



dft(T,n) _dMT(x,~et) , dh{T,y.,lt)d%{T,n) 



dfi 



on 



dfi 

In Eqs. CG 

df(T,fi,^) _ /3 2 (ef- M )e^-M) 



dfi 



d{k B T) 



dfi 



+ 1 



(19b) 
(20a) 

(20b) 



are the ideal gas expressions. 

Combining Eqs. (|T5|) and (|TT)|) I obtain the systems of 
equations for dfi(T,fi)/d(k B T) and dfi(T,fi)/dfi, 



dfi(T,fi) = ^(et-//)e^-M) 

5 (W U(ef^) + ll 2 



1 



(21a) 



dfi(T,n) 
dfi 



fie 



i-E^i 



dfi 



(21b) 

If the summations in Eqs. (|21l) are equal to zero, we re- 
obtain the ideal gas results (|20p . which, if plugged into 
Eqs. (|12b[) and (fT2"cf lead, through Eq. (|llb[) . to the 
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low temperature expression (|13cl) . But this seems to be 
a very special case and in general the quasiparticle gas 
cannot be employed to calculate the contribution of the 
interaction terms to the thermodynamic properties of the 
system, especially to the calculation of the low tempera- 
ture expression of Cy . 



IV. THE IDEAL FES GAS 

The method by which one can describe as an ideal gas 
the general interacting particle system of energy given by 
Eq. ||U) is provided by the FES. 

For this I redefine the quasiparticle energies in such 
a way that the gas of quasiparticlcs is thcrmodynami- 
cally equivalent with the interacting particle gas at any 
temperature, the energies of the quasiparticles do not de- 
pend on the occupation of the other quasiparticle levels 
and, as a consequence, the population of one quasiparti- 
cle level does not depend on the populations of the other 
quasiparticle levels. 

For the simplicity of the presentation, let's assume that 
the single particle quantum numbers, i, are the single- 
particle energies, ej, of the free fermions and < ej if 
i < j. The quasiparticle energies are 



i-l 

ei = ei + Y^VijTij, 

3=0 



which satisfy identically 



E({ ni }) = J2', 



(22) 



(23) 



In the continuous limit I introduce the free particles 
DOS, a(e), and the quasiparticle DOS, <r(e). Like in Ref. 
fl9l [20j . I assume that the function e(e) is bijective, so I 
can freely inverse it - e(e). Equation ([22]) becomes 



i = e + V{e,e')a(e')n(e')de' = e(e) 
Jo 

+ / V[e(e),e(e')]a(e>)n(e')de>. (24) 
Jo 

In Eqs. (f2"2"j) and (f2"4"|) e depends on the populations rij 
and n(e'), respectively, so apparently they do not repre- 
sent the energies of ideal particles. To view them ideal 
particles, we must change our perspective. We view e as 
the physical energy and e as a function of the quasipar- 
ticle energy and the populations. This is illustrated in 
Fig. [1] where a particle is introduced between ?i and ei, 
or, equivalcntly, between e\ and £2- This changes the en- 
ergies €2, £3 and £4 into e 2 , e 3 and e' 4 , respectively, while 
leaving all the quasiparticle energies unchanged. 

To calculate the partition function of the system 
I coarse-grain the e axis into the intervals [e^, q+i), 
i = 0,1,..., each interval containing C?(ej, ej+i) = 
f~ t+1 a(e)de states and N(ii, = f~* +1 a{e)n{e) de 




FIG. 1: (Color online) A representation of the principle of 
FES by using four particle species. We keep the e axis fixed 
and the species along the e axis change at the insertion of 
particles into the species [ei, t-i) = [ei, I2); e, (i = 0, 1, 2, 3, 4) 
correspond to u before the insertion, whereas e'j correspond 
to ej after the insertion. 



particles (see Fig. [J). These intervals are our species 
of particles. At the insertion of particles into one of the 
species, say at energy ej, all the species along the e axis, 
above ej, change, producing a change of the numbers of 
states, Gi, as represented in Fig. Q] This change of d 
gives rise to FES HE! Hi- 

The FES parameters were calculated in [l! [2(| and 
are 



ot;; 7 



6e- 



de 



<7( e )[y(e, £ ,) + /(e,g,)] 
l + / e ^ CT (e')n(e')d6'. 



(25) 



where e > ei and 5e is the dimension of the species along 
the e axis (e.g. Se = e i+ i — ej). The function /(e, e/) 
is determined by the variation of e at the insertion of 
a particle at energy ej < e, written as the functional 
derivative, Se/Sp(ej), 



f(e,~ei) 



dV(e,e>) 
de' 



a{e')n{e') 



de', 



(26) 

p(ei) being the density of particles along the e axis, at 
£/• 

If e = 6j, i.e. the particle is inserted into the species 
where the FES parameter is calculated, then 

V(ej,e/)<7(e/) 



a;, 



1 



ej 3V(ej,e') 



a{e')n(e') de' 



(27) 



Once the FES parameters are known, all the thermo- 
dynamics follows by the established procedure [! [25l - [29j . 

Therefore the gas of quasiparticles, with the quasipar- 
ticle energies given by (|22|) and the FES parameters (|25|) 
is an ideal gas, of total energy equal to the energy of the 
original interacting particle system and therefore with 
identical thermodynamic properties. 
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V. CONCLUSIONS 

I analyzed the thermodynamic properties of an inter- 
acting particle system described in the Fermi liquid the- 
ory (FLT). The Landau's quasiparticles may provide a 
good description of the thermodynamic properties of the 
system only in the mean field approximation, i.e. when 
the interaction between the particles contribute to the 
total energy of the system by a quantity that depends 
only on the total particle number and not on the tem- 
perature. In such a situation the thermodynamics of the 
system is well described by the ideal particle part of the 
Hamiltonian. 

If the interaction between particles contribute with a 
temperature dependend term to the total energy of the 
system, then the gas of Landau's quasiparticles do not 
provide an accurate description of the thermal properties 
of the system. For this situation I introduce another 
set of quasiparticles. In the new description the total 
energy of the system is identical to the energy of the 



quasiparticle system and therefore the thermodynamic 
quantities of the two systems are also identical. 

The new quasiparticles are ideal and obey fractional 
exclusion statistics. 

I consider that the fractional exclusion statistics is the 
paradigm in which systems of interacting particles can 
be described as ideal gases. 
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